Using the method of counting mental units the study explored whether judged lengths and area in right triangles, squares, and disks were consistent with the geometric relationships in these surfaces. Judgments were found to consist with these relationships supporting the idea that they were fundamental measures of perceived extents. Fundamental measures obtained by mental counting differ from corresponding measures obtained by magnitude estimation, rating, and nonmetric scaling. Reasons are suggested as to why these other methods may be biased.
Introduction
The fundamental measurement of a value of a physical or mental attribute is the counting of how many constant fundamental units of the attribute must be concatenated to reproduce the value being measured (Campbell, 1920) . Units of measurement are fundamental when they cannot be described as a function of other units. In physics, examples are units of physical length, time, or mass. In psychology, examples are units of qualitatively different perceptual attributes such as loudness, brightness, length, etc. Krantz (1972) suggested applying fundamental measurement to perceived length and area since people would be able to count units of perceived length or area in linear or areal extents, respectively. The following tests support this suggestion. Participants who had made magnitude estimations of length of test lines reported concatenating an image of the standard line along the test lines (Hartley, 1977) . This concatenation predicts that response time increases with the length of test lines and as the length of the standard line decreases. Both predictions have been empirically verified (Hartley, 1977 (Hartley, , 1981 Reed, Hock, & Lockhead, 1983) . Uhlarik, Pringle, Jordan, and Misceo (1980) found similar results for magnitude estimation of frontal size.
Physical fundamental measurement arguably dates back to Euclid (Michell, 2003; Zudini, 2011) and has been formalized through axioms most notably by Hölder (1901) . Reese (1943) applied this axiomatic formalization to psychology (Guilford, 1954, pp. 8-11) . Subsequent variants of it are discussed in Falmagne (1985, ch. 2) . It has been noted that the significance of these formalizations in psychology has been virtually nil (Cliff, 1992; Estes, 1975; Schönemann, 1994) . Before these formalizations are made, one needs to test whether people can properly concatenate a constant mental unit. The present study provided this test for perceived length and area.
Indeed, it is an open question whether mental units of length or area used in direct judgments are constant while they are being concatenated. Another open question is whether this concatenation occurs correctly. Judgments of length or area made in mental units can be fundamental measures if these mental units are constant and correctly concatenated. One way to test this hypothesis is the following.
Pythagoras' theorem applies to the concept of right triangle. Suppose one is looking at a right triangle on a frontal parallel plane with this triangle sufficiently away from the borders of the visual field such that shape distortions are negligible. Pythagoras' theorem applies to this visible triangle since this visible triangle has the geometrical properties that define the concept of a right triangle (Giaquinto, 2007) . This consideration means that one can use Pythagoras' theorem as a normative model to test judgments of area or side length of triangles. The idea to use the concept of surface area or Pythagoras' theorem as normative models to study area or length judgment was proposed first by Anderson and Weiss (1971) and Weiss and Gardner (1979) , respectively.
If judgments of side length expressed in mental units turn out to be consistent with Pythagoras' theorem, the idea that the mental unit is constant is supported. Analogous reasoning applies to the concept of surface area.
with k a constant of proportionality.
The following experiments explored these relations. The participants were instructed to judge length in perceived centimeters (Stevens & Galanter, 1957) . Parenthetically, it may be useful to consider that laymen believe that the method of judging length in perceived centimeters measures physical length in the physical domain. However this method measures perceived length in the phenomenal domain. For example, it allowed determining that the inverted-T illusion consists in a large phenomenal lengthening of the vertical line and in a somewhat smaller phenomenal shortening of the horizontal line (Masin & Vidotto, 1983) . This new finding of a shortening of the horizontal line was robust in that it was later replicated using the method of constant stimuli (Rentmeister-Bryant, Slotnick, & Parker, 2000) .
The following experiments also served to test how the measurement of perceived length and perceived area by mental counting compared with the widely used methods of magnitude estimation, rating, and nonmetric scaling.
Experiment 1

Method
Participants
The participants were 24 university students. They were divided into three equally numerous groups, Groups 1, 2, and 3.
Test and Standard Stimuli
Test stimuli were black right triangles with one leg horizontal and the hypotenuse slanting down to the right. The values of height and base length were 1, 5, 9, 13, or 17 cm. Each test stimulus was presented continuously in the middle of a white frontal-parallel 37.5 × 28.5 cm monitor screen (Philips Brilliance 190B) until the respective trial terminated. Viewing distance was 165 cm. The illumination level was 150 lx. The set of 25 test stimuli with different combinations of leg lengths may be called the basic set. Table 1 lists these lengths for the basic set.
The sets of test stimuli formed by 9 and by 3 copies of the basic set may be called the Sets A and B, respectively. For each stimulus, Set A was used to obtain three judgments of length of each leg and of the hypotenuse and Set B to obtain three judgments of area. The resulting 300 test stimuli were presented in randomly intermixed order.
The stimuli of Set A were presented at the onset of the corresponding trial. The stimuli of Set B were presented 1.5 s after the offset of one standard stimulus, or of two simultaneous standard stimuli, presented centrally for 1.5 s.
The single standard stimulus was used for Groups 1 and 2: a red disk with diameter of 5 cm. The two standard stimuli were used for Group 3: two horizontally-aligned horizontally-based red isosceles right triangles separated by a gap of 7 cm, with legs of 0.2 and of 20 cm, hypotenuse slanting down to the right, and smaller standard on the left.
The monitor screen was set on a table at 55 cm from the table border closest to the participant. A horizontal 40-cm measuring tape with markings for centimeters and millimeters was stuck on this border for viewing by the participant.
Procedure
For each test stimulus a 12-point letter in the upper left corner of the screen indicated whether to judge height, base length, hypotenuse length, or area.
Groups 1-3 were instructed to judge length in perceived centimeters and fractions thereof. They were invited to refer to the measuring tape stuck on the border of the table in front of them.
Group 1 (mental counting) was asked to count how many times the area of the smaller of the test and standard stimuli could be contained in the area of the other including possible fractions. This number was taken as the response when the standard stimulus was judged to be equal or smaller than the test stimulus, and the reciprocal of this number was taken as the response when the test stimulus was judged equal or smaller than the standard stimulus.
Group 2 (magnitude estimation) was asked to assign a number to the area of the test stimulus given that the area of the standard stimulus was 100 with the examples of a stimulus area 3 times larger or 3 times smaller than that of the standard stimulus.
Group 3 (rating) was asked to rate the area of the test stimulus with the areas of the smaller and larger standard stimuli being 1 and 100, respectively. Table 1 presents the results. The three middle columns report mean judged height, base length, and hypotenuse length. The three columns on the right report mean counted numbers of units, magnitude estimates, and ratings of area from Groups 1-3, respectively. 
Results for Length
Legs
The following analyses support the hypothesis that participants judged height (J A ) and base length (J B ) using virtually the same mental unit. A 2 (orientation) × 5 (judged leg) × 5 (non-judged leg) analysis of variance showed the effect of orientation was significant with that of non-judged leg not significant, F(1,23) = 4.7, p < .05, and F(4,92) = 2.1, respectively. The effect of orientation occurred essentially only for long and thin stimuli. With stimuli with the shortest leg excluded from analysis, all factors except judged leg and all interactions were not significant, F(1,23) = 3.3, F(3,69) = 0.4 or 2.1, F(4,92) = 1.5, and F(12,276) = 1.6 or 1.7.
In Figure 1 , to visually emphasize the negligible effect of orientation, mean judged leg length was plotted against physical length. The line shows a least-squares fit to a mean straight line with slope not significantly different 
Hypotenuse
The following analysis shows that the mental unit for the hypotenuse was not constant. In each of 10 pairs of stimuli, hypotenuse length was the same and the longer leg was vertical in one stimulus and horizontal in the other. A 2 (orientation) × 10 (hypotenuse) analysis of variance showed that orientation and the interaction were significant, F(1,23) = 26.9, p < .001, and F(9,207) = 2.8, p < .005, respectively. These results agree with those of Weiss and Gardner (1979) and with the finding that produced line length varies with line inclination (Hartley, 1977) . 
Pythagoras' Theorem
Conclusion
The results support the possibility that J A and J B were fundamental measures of perceived length expressed in virtually the same constant mental unit with J H expressed in a nonconstant mental unit. If J A and J B are fundamental measures then the transformed judgments of hypotenuse length, J H q , also are fundamental measures. 
Results for Area
Experiment 2
The curvature in the data in Figure 3 may depend on the shape transformations required to mentally concatenate a disk in triangles or triangles in a disk. This hypothesis was tested using a square as the standard stimulus for judging the area of squares and disks. It was assumed that it was easier to concatenate a square in a square or in a disk rather than for example a disk in a triangle.
Participants
Ten university students participated in each of two sessions, Sessions 1 and 2. Session 2 took place few minutes after Session 1.
Method for Session 1
Stimuli
Stimulus presentation and viewing conditions were identical to those used for Experiment 1. Each test stimulus was a horizontally-based black square or was a black disk presented continuously in the middle of the screen until the respective trial terminated. Table 2 lists the sides and diameters used for the stimuli.
The standard stimulus was a horizontally-based red square with side of 4.5 cm. Its left and bottom sides were at 0.4 cm from the respective left and bottom sides of the screen. For each side and each diameter of test stimuli, the standard stimulus either appeared 3 s before the test stimulus for 1.5 s with interstimulus interval of 1.5 s or appeared 1.5 s before the test stimulus remaining visible until the trial terminated. (Test stimuli used in Session 1 were used in Session 2 without the standard stimuli. In Session 1, the successive and simultaneous presentations of standard stimuli served to test whether the perceptual presence of the standard stimuli significantly influenced the participants' judgments. The statistical analysis reported below showed that it did not.) There were a total of 32 trials. The set of these 32 trials was presented 5 times consecutively with trials in random order. 
Procedure
The participants were asked to report the number of times the smaller stimulus surface could be contained in the larger one, including possible fractions.
Method for Session 2
Stimuli
Stimuli, presentation conditions, viewing conditions, and number of randomly presented trials were identical to those used in Session 1. No standard stimulus was used.
Procedure
The participants were asked to judge the lengths of side and perimeter of stimulus squares and of diameter and circumference of stimulus disks in perceived centimeters and fractions thereof. Hereafter these lengths are called side, perimeter, diameter, and circumference, respectively. On the upper left corner of the monitor screen a 12-point letter indicated for each stimulus which length to judge. Table 2 reports mean judgments of side, perimeter, diameter, circumference, and square and disk area. A 2 (shape) × 2 (mode of presentation of standard) × 8 (area) ANOVA showed that all factors except area and all interactions were not significant, Fs(1,9) = .09 to 2.9 and Fs(7,63) = 1.0 to 1.7. Figure 4 shows mean judgments of side and diameter and of square and disk area plotted against physical length and physical area, respectively. In each diagram a curve represents a least-squares fit to a mean standard power function with additive offset and with exponent of 1. By magnitude estimation with no designated standard and no assigned modulus, Teghtsoonian and Teghtsoonian (1971) had participants judge diameter and circumference of circles. The judged circumference was less than the circumference calculated from the respective judged diameter, but in this case it is very possible that participants used different moduli for diameter and circumference. The left and right curves represent least-squares fits to a standard power function with exponent 0.99 and 1.03, respectively. These exponents show that counts of mental units of length or area were fundamental measures. 
Results and Discussion
Psychophysical Functions
Introspective Reports
Length
At the end of the experiment, all participants reported that they judged the perimeter by multiplying judged side by 4. Eight participants reported judging the circumference by first imaginally straightening the circumference and subsequently counting the centimeters contained in it. Five reported straightening the entire circumference, one straightening half of it multiplying its judged length by 2, and two straightening 1/4 of it multiplying its judged length by 4. The remaining participants reported concatenating one centimeter along the circumference without mentally straightening the circumference. Participants can compare distances along curves by mentally tracing the curves (Jolicoeur, Ullman, & Mackay, 1991; Pringle & Egeth, 1988) . It is undecided whether the participants in the present study tried to verbalize mental tracing or a mental operation specific to the judgment task such as mental straightening.
Area
At the end of the experiment, nine and eight participants reported not knowing the formulas for calculating the circumference and area of a disk, respectively. Three participants recalled the formulas after a relatively long effort of memory. This effort and the related nonverbal behavior indicated that they did not recall these formulas during the experiment.
General Discussion
Verification of Fundamental Measurement
Concatenating a mental unit of measurement requires transformations of information: linear extents varying in inclination must be mentally rotated, curved extents must be mentally traced or straightened, and unit surfaces must be mentally transformed to be fit in the test surfaces. The present results show that mental transformations of information may impair the constancy of mental units during concatenation depending on extent length and surface shape.
If judgments of hypotenuse length are fundamental measures, Equation 1 predicts that the straight line with slope 1 and intercept 0 describes the relation between these judgments and perceived hypotenuse length calculated from judgments of leg length. In Figure 2 the left diagram shows that this prediction was closely confirmed only for relatively short hypotenuse lengths while the right diagram shows that this prediction was closely confirmed for all lengths of the hypotenuse when the nonconstancy of the mental unit for the hypotenuse was compensated by transforming J H to J H 1.023 .
If judgments of leg length and area are fundamental measures, Equation 2 predicts that judgments of area are related linearly to perceived area calculated from corresponding judgments of leg length. In Figure 3 the left diagram shows that this prediction was closely confirmed when mental shape transformations were difficult. When this difficulty was minimized, Figure 6 shows that the prediction was more satisfactorily verified.
The results allow one to conclude that judgments of frontal length and frontal area made by mental counting are fundamental measures, at least approximately.
Comparison of Methods
Magnitude Estimation and Rating
Counting of units, magnitude estimation, and rating are distinct methods. For area, they yield exponents of the psychophysical power function of about 1, 0.8, and 0.4 as shown in Figure 4 , Wagner (2006, p. 87), and Guirao (1963) , respectively. These differences in exponent may be interpreted as follows.
Complexity of numerical processing affects judgments (Baird, Kreindler, & Jones, 1971; Barth & Paladino, 2011; Booth & Siegler, 2006; DeCarlo, 2005; Duda, 1975; Ekman, Hosman, Lindman, Ljungberg, & Åkesson, 1968; Jones & Marcus, 1961) . Mental counting required minimal numerical processing. Magnitude estimation required at least multiplying counts of units by the modulus of the standard, calculating the reciprocal of these counts for test stimuli smaller than the standard, and processing the numerical information in the introductory example to the method. Rating required a more complicated numerical processing. Magnitude estimation and rating could have also involved the evaluation of quantity relations not required in the counting of mental units.
Nonmetric Scaling
The exponent of the psychophysical power function found by fundamental measurement is about 1 for length and area (Figures 1 and 4) and that found by nonmetric scaling varies from 0.46 to 0.87 for length and from 0.65 to 0.89 for area (Markley, Ayers, & Rule, 1969; Parker, Schneider, & Kanow, 1975; Petrusic, Baranski, & www.ccsenet.org/ijps International Journal of Psychological Studies Vol. 4, No. 3; 2012 Kennedy, 1998; Petrusic & Jamieson, 1979; Rule & Curtis, 1970; Schneider & Bissett, 1988) . Using nonmetric scaling, Young (1970) found an exponent of 1 for length. However, this result is not pertinent to our case since stimulus lines were varied in a very small range and were presented in conditions such that their lengths were barely discriminable. Using largely different stimuli, Schneider and Bissett (1988) found an exponent of 1 for both length and area in one group of participants. However, using the same stimuli, they found an exponent of 0.85 for length and of 0.89 for area in a different group of participants.
One can interpret these differences in exponent as follows. Assume the psychophysical function is
with a, b, and β constant and Ψ and Φ the sensory and stimulus magnitudes, respectively. For n values of Φ yielding n different values of Ψ, for each possible β there are n  (n -1) / 2 absolute differences between values of Ψ. For each β, these differences may be ranked in terms of size, say, from the smallest to the largest. This ranking is independent of a and b. We may call it the ranking of differences for short.
For a given n, nonmetric scaling requires each participant to generate a ranking of differences by subjectively ranking all possible absolute differences between values of Ψ. This empirical ranking of sensory differences is used to numerically recover an estimate of the corresponding β, assuming the response used by participants to rank the sensory differences varies monotonically with these differences (Shepard, 1962) .
Equation 3 implies that there are ranges of values of β within each of which each β has the same ranking of differences. Numerically, with β varying in steps of .01 and for the case of equidistant stimuli represented by the integers 1 to n with n = 6, 8, 10, or 20 as values for Φ, I determined these ranges for all combinations of β and n. Figure 7 shows the results for each n. In each diagram the abscissa represents β and the ordinate represents the ends of the range of the values of β that specify the same ranking of differences specified by the corresponding β represented on the abscissa. Thick and thin lines show the lower and upper ends of this range, respectively. Figure 7 shows that the number of rankings of differences discriminated by nonmetric scaling increases with n. For n = 6, this method discriminates between only four rankings of differences. Discrimination of rankings of differences may be barely acceptable for n = 8 and may be satisfactory for n = 10 or larger. These conditions of acceptability match those determined by numerical correlation analysis (Shepard, 1966) . Vol. 4, No. 3; 2012 Nonmetric scaling may spuriously produces exponents lower than 1 for the following reason. Assume that β = 1. Figure 7 shows that the ranking of differences specified by a potential β of 1 is also specified by a large range of other values of β. This range is 0.53-1 for n = 6, 0.7-1 for n = 8, and 0.78-1 for n = 10. Thus, depending on the chosen n from 6 to 10, nonmetric scaling may yield exponents ranging anywhere from 0.53 to 1. The nonmetric scaling studies mentioned above used values of n varying from 6 to 10.
